RELATIONS IN THE 24-TH HOMOTOPY 
GROUPS OF SPHERES 



TOSHIYUKI MIYAUCHI and JUNO MUKAI 



Abstract 

The main purpose of this note is to give a proof of the fact that the 
Toda brackets ip, a, v) and (u, rj, a) are not trivial. This is an affirmative 
answer of the second author's Conjecture (Determination of the P-image 
by Toda brackets, Geometry and Topology Monographs 13(2008), 355- 
383). The second purpose is to show the relation j^twis = vjaioKir in 

^31- 



1 Introduction 

Throughout this note, we work in the 2-primary components of homotopy groups 
of spheres. In the stable group, let i G ttq, 77 e 7rf, G 7r|, cr e 7r|, j/, e G 
7r|, /i_ e 7r|, C e 7^11, 1^ e nf^, p € TT^g, u, -q* € Trjg, p £ TTf^, v* , ^ G 
Trfg, Ci G irfg, R G 1:20, p G Tr^g, 5 G 7r|4, ^3 G TTjg be the generators [5]. 
We know the following [S]: 

7r^4 = Z2{/iCr} ® 7,2{m*<^}- 

The main purpose of this note is to give a proof of the fact that the Toda 
brackets (P,(T, P) and {i>,ri,a) are not trivial. 

Theorem 1.1 rjgaioVir = {eg, cri7, ?724 0-25 }4; {1^20, CT28, ^^35} = {1^20, ??23, ^24} = 
V20cr2ir]28 = '720??2iO'37 and {v, cr, v) = {v, -q, a) = r]r]*a. 

This result gives an affirmative answer to {12, Conjecture 4.8]. In the proof of 
Theorem ll.il our method is to inspect relations in homotopy groups of spheres 
through those in homotopy groups of rotation groups. 

We know the following [17j Theorem 12.22]: 

TtII = Zs{^13} © Z8{A} © Z2{77l3Ail4}. 

Let P : TTgl — ttIq be the P-homomorphism (P = A in [I7|). We need 
Lemma 1.2 H{P(i3) = ^' mod 2A',2^' and H{PX) = X' mod 2X',2^'. 



Notice that Lemma [1.21 improves [21 (3.3)]. 

Oda [13j Proposition 2.6 (5)] obtained the fohowing relation in ttJ]^: 

= mod vjcrwKnXri 

where C,^ = o''ei4/i22 [SI (5.10)]. The second pm^pose of this note is to show 

Theorem 1.3 Pquju = i^gCgKie + P{£,i3 + A) o 7729 mod 4(q and 
U7UJ15 = vjaioKn- 

The authors wish to thank Professor Nobuyuki Oda for kind advices during 
the preparation of the manuscript. 

2 Recollection of some relations in homotopy 
groups of spheres 

We use the result, the notation of [T7] and the properties of Toda brackets freely. 



We know 

(2.1) [^2,62]= 2772, 

(2.2) ±[Li,Li]=2v4- Ely', 

(2.3) 7741^5 = {Ev')'m = ['-4,?74], VbVfi = 0, 

(2.4) v^-qs. = [i5,t5], 

(2.5) 2a8-£;a' = ±[i8,68] 
and [TTl Lemma 6.3] 

(2.6) 775j>6 = and D^rju = 
We also know that 

(2.7) 777^8 = i>7 + £7 + <y'r]u [HI (7.4)], 

(2.8) 7790-10 = J>9 + eg [ni Lemma 6.4], 

and 779CT10 + 0-97716 ~ [i9,i9] [m (7.1)]. We recall from [T71 (7.19)] the relation 

(2.9) o'Vi4 — xi/jaiQ (x : odd). 
By IM]) and pTj Lemma 5.14, (7.21)], we have 

(2.10) 1^100-13 = 2o-ioi^i7 = [tiojjyio] 
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and 

(2.11) cruris = [til, til]. 
By [HI (7.18), (7.22)], we have relations 

and 

(2.12) vgvn = [^9,1^9]. 
We recall the relations: 

4C5 = ??5M7, and 4(5 = iiljl-j [171 (7,14), Lemma 12.4], 

(2.13) 774C5 = {Ev')n^ mod {Ev')'q-je8 [H Proposition 2.2(5)], 

(2.14) £30-11 = and z?6cri4 = 0. [HI Lemma 10.7], 

[ti7, tiy] = ryj'y + W17 mod cri7/i24 17, Proposition 12.20. ii)], 

(2.15) v-jKiQ = K,'!V2i [15, Proposition 2.13(2)], 

(2.16) [ai9, ti9] = i^i*9 + 69 HI, Corollary 12.25], 

(2.17) i'9Ci2 = cTg and ^121^30 = crJa 31 H-Proposition 2.1(2)], 

(2.18) ,yeK7 = e6, K9??23 = e9 [HI (10.23)], 

(2.19) vsost^w = '75e6, £3 = ^si^ii = r]3£4 = £3in& [nl Lemma 12.10], 

/i3£i2 = ?73/i40-i3 mod 2e' 15, Proposition 2.13(7)], 

and 

(2.20) /^5pi4 = and i>6Mi4 = [TS", Proposition 2.13(8)]. 
By [T71 Lemma 9.2] and the relation 80-14 = 0, -we have 

(2.21) 1/7C10 - {E^<y"')ai4 and z^mCit = 0. 
By [13 Proposition 2.2(6)] and 17, (7.25)], we have 

(2.22) Cerin = uefig = 8([t6, i6]o-ii)- 
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By the relations (|2.8p and lygan — egcriy — TT, Lemma 10.7], we have 

(2.23) rygcr^Q = (t>9 + £9)0-17 = i>9(^n + £90-17 = 0. 

We recaU from 17, (10.18), (10.20)] that 0-9(1^16 +£15) = ['-9,0-9] , crioi^i7 = 
o-io£i7 = [1-10,1^10] and 

(2.24) criii>is = o-ii£i8 = 0. 
By (1^1^ and (gH]), we have 

(2.25) 779£io = 0. 

We recall the elements A' and in 7r|g from [TTJ Lemma 12.19] and [HI 
Proposition 4(3)]: 

(2.26) E^X' = 2A, iJ(A') = £21 
and 

(2.27) = 2^13, H{C) = 1^21 + £21 = 

By (|2:26l) . ([2:271) and the proof of [HI Proposition 2.20(6)], we obtain 

(2.28) lyiiivu = (A' + C)V29 and i/igwie - (2A + 2^13)7731 = 0. 
We also recall iH, (12.23)] 

(2.29) 4crioCi7 = 2criiCi8 = 0-13(20 = C130-24 = 0. 

By ((1211), [T71 Theorem 12.8, (12.25), p. 166] and using the EHP sequence, 
we obtain 

(2.30) 40-9C16 = ['■9,?79Mlo], 2crioCl7 = [tlCMlo], O-12C19 = 8[/,i2,0-l2]- 

By [m Proposition 2.17(7)] and ([2:291) . we have 

(2.31) i^ioPi3 = mod 2(TioCi7 and vnpu = 0. 

By the relations C5'724 = CsMie = '^sAs mod ly^ijsfigais O Il-Proposition 
2.2(1);(2)] and z^6M9 = 16(Ppi3) [IDl (16.6)], we have 

C6?725 = C6M17 = i^eAig = 16(Ppi3)- 
We recaU from 17, Theorem 12.6, (12.4)] that : 

■^23 = {o-'/il4,0-'77i4£l5,A'70-l6,?77e8} (-^C' = 0-'?7l4£l5)- 

By the relations E^a' 2ct9 ([231) . 2?7„ = ([2^1) and 2^„ = for n > 3 
[ni Lemma 6.5], we have E'^^ia'^u) = and E°° {a' r]i4,e 15) = 0. We know 
E°°{rj7es) = (1^:^ and £"^(^70-16) 7^ [T71 Theorem 12.16]. Hence we have 

E°-7tI, = {api}. 
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We observe that {Cv^'^) ° V = C ° {Vt'^iV) C'^^ ^ (^i^ o v — (j2.21l) . Since 
Trfg = {a^,r]*} = (T^-i)^ and (77)* : Tr^g — > Trf^ is a monomorphism by [TTI 
Theorem 12.16, 12.17], we have (C, ?y, J^) = 0. Hence we obtain the relation 

(2.32) /ijo-ie ^ {Ct, '718, 1'lg}- 

Denote by Ind{ , , }fc the indeterminacy of the Toda bracket. We show 
Lemma 2.1 Cs^^ie = and CsEie = C5'7i60-i7 = J^sA^so-iy- 

Proof. Since Pig = {i^ie, ?/i9, ^^20}! tlB Lemma 6.2] and ttH = [XT', Proposi- 
tion 5.9], we have 

Csi^ie e Cs o {l^l6,?7l9,I^2o}l C {C5'^16,'7l9,J^2o}l mod TT^i 01/21. 

By the fact that Trfi = {/X5cri4, TysCg} [171 Theorem 12.6] and the relation 
0'i2J^i9 = [171 (7-20)], we obtain Trfi o vi\ = {ri^e%vi\]. By the relations 
([rroj) . (I^T5)) and Tygi^? = ([231), we have 

(2.33) r\^eQV2\ = r]5mi^7^2i = Vzm^Ji^w = 0. 

So, we get that Ind{C5J^i6, ?7i9, i^2o}i = t^Ii ° ^^21 = 0. 
We recall the relation [TSl Proposition 2.4(2)]: 

C5V16 = V5C8 mod i^si^si^ie- 
By the relation = riS], Proposition 2.8(2)], we have 

{v^Psi^w, Vi9, V2q}i D y^vg, o {1/16, 7719, V2o}i 9 v^vl = mod ttji o 1^21 = 0. 
Hence, we obtain 

{CbVl&,m9,V20}l = {l^5C8,'7l9,l^2o}l- 

We observe that 

{l'5C8,'7l9,'^2o}l 3 i/5 O {C8,?7l9,J^2o}l mod TTji o ;/2i = 0. 

By the fact that Trfi = {o'8i^i5, t'80'iii^i8} — (^2)^ [13 Theorem 7.7] and the 
relation (|2.19l) . we obtain 

-E{C7,?7i8,;^i9} C {C8,?7i9,;^2o}i mod T^liOV2i = {(y&vl^.mSo,}- 
So, by (USUI, we have 

{C8,'7l9,'^2o}l C {(78^^15' '^SEg, (-Ea^MlS, (£'(t')'715£16}- 

By the relations (|2.19p and p.33p . we have v^af,Vi^ — r75£6'^2i = 0. Hence, by 
(EH) and 21/50-8 = VbiEa') [H (7.16)], we see that 1/5 o {(g, ?7i9, ^^20}! = 0. This 
leads to the first half. 
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From the fact that Pie = eie + rjieo'n S'Hd the first half, we obtain Cs^ie = 
Cs^ieCTiy. The last equality is just [HI Proposition 2.20(11)]. This leads to the 
second half and completes the proof. □ 

We recall the relation [T71 Lemma 12.13]: 

(2.34) 16ct6 = ve^J■9crl8■ 

By the group structures of t^^+w k = 6,7 and the arguments in [TTl p. 151-3] 
including [17[ Lemma 12.13, (12.17)], we obtain 

(2.35) 2ae = yPial^) (y : odd). 
By Lemma 12.11 and (|2.35l) , we have 

(2.36) CeEiT = Ce^/iycis = IQas and CtEis = 0. 

We show 

Lemma 2.2 (1) {a,v,a) = 

(2) (cr, ly, f]a) = (cr, i^, e) = {v, a, e) = (v, e, cr) = 0. 

Proof. Firstly, we recall that nfi — Trfa = 0, Trfg — {rip,uj} and the 
relations r]v = (US]), ctC = ([123), eC = dSSS]), i^w = (E^H]). The 
indeterminacies of all brackets are 0, because a o 7rf — irfi o a — and 

a o 71^2 = '7rx2 o cr = tt^j^ o rja = o e — u o Trjg = 

The relation (1) follows directly from the definition of ^12 17 , p. 153]. 
By the fact that (a, 77) C 7rf2 = 0, we have 

(cr, V, rja) D (cr, 77) o cr = mod 0. 

By the Jacobi identity of Toda brackets [17, (3.7)], the definition of e [T71 
(6.1)], the relation (z^, rj, 2t) C vrf = and Trfg — 0, we obtain 

(cr, ly, e) = (cr, i^, (?7, 2/,, i^^)) = (cr, (z^, r/, 2t), z^^) + {{a, r/), 2t, z^^) 

= (a,0,i.2^ + (0,2i,z/2) 
3 mod cr o tt^^ + Tr^g o i/^ = 0. 

By the relations {r]<j,v,a) = [v,u,T>) = u [131 I-Proposition 3.3 (4)], (12. 8p 
and using [T71 (3.9).i)], we have 

(z/, cr, e) = l^v, cr, P + 77cr) C [v, cr, + [v, cr, 770-) 

= (iy, CT, i?) + (jycr, zy, ct) = {ct + a} = 0. 

By the relations {(T,v,e) = 0, {ujCr^e) ~ and use of [ITl (3.9).ii), (3.10)], we 
have 

G {v, £, cr) + (e, CT, 7^) + (cr, V, e) 
= (t^, e, cr) + (;/, CT, e) + (cr, e) 
= {v, e, ct) mod 0. 
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This leads the last equality of (2) and completes the proof. □ 
We show 

Corollary 2.3 {i^n, ctm, £21} C {A'7729, ^''729} and E^{i^n,cri4, £21} = 0. 

Proof. We recall 7r|^ = {A'r729, ■?'??29, Cii, ^n} [171 Theoreni 12.23]. By stabi- 
lizing this result, Lemma [2.21 (2) and using the fact that {Cii,o-ii} = Trfg, we 
obtain 

{i^ll,Cri4,e2l} C {A'??29,^''?29}- 

This leads to the first half. 

The second half is obtained from the first half, and This 

completes the proof. □ 

3 Proof of Lemma 11.21 

We recall the relation I-Proposition 3.1(1)] 

(3.1) i^ioX = CTioKiy- 
By ([2TT5| and ((3?T1) . we obtain 

(3.2) vwXvai = (JiavnK2n- 
By [H Il-Proposition 2.1(2)], 

(3.3) K70'21 — 0. 

By [m Proposition 1(4)], 

(3.4) 2e" = (TioCiT, mod 2aioCi7. 

Next we recah the element w' £ ttH \VJ\ Lemma 12.21, (12.27), p. 166]: 

(3.5) E'^w' = 2a;i4i^3o = [tu, J^m] and H{uj') = £23 mod £23 + i^23- 
By [m (7.30), p. 166], we have 

(3.6) Ci3'73i = [^13,0-13] = (£'6')ct25- 

By the relations J^i3ryJ'g = Eu' mod ^137731 [TSl Proposition 2.20(8)], p.5p 
and p.6p . we have 

(3.7) I^14?7l7 = ['-14,!^m]- 

We show the following lemma overlapping with [TB] Lemma 2.18]: 
Lemma 3.1 (1) {2crii, i^is, cr2i} = mod 2A',2^'. 
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(2) {2crii,l'i8,£2l} = A'7729. 

(3) Cl2'730 = 6'0-24 mod [ii2, ?7l2Cri3]- 

(4) {cri2, J^i9, £22} 3 + <i2?730 mod {E\')r]3o, {E^')ri3o for a G {0, 1}. 
Proof. Since 2aii o ttjq — 0, we have 

{2crii, ^^18, 0-21} = {2(Tii, cr2i}i. 
By using TT, Proposition 2.6] and (I2.10p . wc obtain 

i/{2crii, 1/18, CT2l}l = -P"^(2(Tiot/l7) O 0-22 = {mi<^22} ■ 

This means i/{2(Tii, j/i8, cr2i}i = from (|2.27p and hence, {2crii, j^i8, cr2i}i 9 
^' mod E^Tfig = £;{A",C",77ioMii} = {2A', 2^', 7^11/112}. By stabiHzing this 
relation, we obtain 

{2aii,i/i8,CT2i}i 9^' mod 2A',2C'. 

This leads to (1). 

By the fact that tt^ = 0, tt^^ = 0, 7r^2 = {Cii} [17', Theorem 7.4 and 7.6] 
and (|2.36p . we have 

Ind{2crii, 1/18, e2i}i = 2crii o EnH + ttI\ o £22 = 0. 
By using 17, Proposition 2.6] and (|2.10p . we obtain 

i7{2crii, 1/18, £2l}l = --P"^(2(TioJ/l7) O £22 = {?72l£22}- 

Since H{X'7j29) = £2i??29 = '72i£22 from (|2.26|) . we have {2o-ii, i/i8, £2i}i ^ 
X'r]29 mod Enl^ = {Cii,CTii}. This leads to (2). 

Next we show (3). We recall ttjI = {C12, [^^12, '-12] }• By the definitions of ^12 
and 9 [T71 pl53. Lemma 7.5], we have 

^12'730 G {o'i2, 1'lg, f22}l o ^730 

C {(712, 1/19, Cr22?y29}l 

= {f 12, 1^19, ??22CT23}l 

3 {cri2, 1^19, ?y22}l O 0-24 

B 6'o-24 mod (T12 o EttIq + tt\1 o ry230'24- 

By [HI Lemma 7.4 and 7.6] and we get that (J12 o EnH = and ttH o 

77230-24 = {Ci2,[ti2,ii2]}o?y230'24 = { [^12 , m20'i2] } • This Icads to (3)^ 

We have 7r2|o£23 = {[ti2,£i2]}- By the fact that H{\') — £21 (|2.26p and the 
argument in [5, Lemma 4.3], we obtain 

Ind{o-i2, 1/19, £22)1 = Ind{cri2, 1/19, £22} = {(£^A')?73o}- 
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By using TT, Proposition 2.6], we obtain 

(3.8) H{ai2, 1^19,622} = -P"^(o-iii^i8) o£23 = {£23}- 

By the relations i?(^i2?73o) = -ff(Ci2)'?30 = o'23%o [HI Lemma 12.14], (|2.7p and 
p.Sp . we have + 0^127730) = £23 for a = or a = 1. Hence we have 

H{a) = H{ijj' + a^i2'73o) for any representative a in {cri2, J^ig, £22} and by the 
fact that E-kII = {(£:A')7730, (-Bn'730, C12, ^12} [III Theorem 12.23], we have 

a - (w' + <i2?73o) e {(^^A')»730, {EC)V30, C12, ^12}. 

By stabihzing this relation and using the relation {a, v^e) =0 fLemma l2.2p . the 
fact that {C12, 5-12} = Trfg, we obtain 

a - (w' + <i2??3o) e {(£^A')??30, (£^?')%o}- 
This leads to (4) and completes the proof. □ 

We recaU [131, Il-Proposition 2.1(6), Ill-Proposition 2.2(2)]: 

(3.9) ^'(729 EE CTiiJ/ig mod 2criii/ig 
and 

(3.10) Acrai = 0. 

Since H{X'a29) = £21 o 0-29 = from ((2:26| and [III Lemma 10.7], i;7r|g = 
{cth^s, (^111^^8' M3,ii> ^1^12(^29} = (24)^ ® (22)^, Trig = {/i3, 77/icr} = (Z2)^ [13 
Theorem 1(a)] and E^{X'a2g) — 2 Acts 1 = 0, we have 

(3.11) A'o-29 e {(Tii^i8,CriiI/ig}. 

By the fact that EO' = [n2,r/i2] DT, (7.30)] and (l^l^ . 

(3.12) [il2,£l2] = (Se')«24. 

By [131 Theorem 1(b), I-Proposition 3.5(6)] and Lemma [3.1( 3). 

(3.13) Cl2?730Cr31 = 6*0-24 = 0-12^19 ^ud [tl3 , cr^s] = O-13CT20 7^ 0. 

We show 
Lemma 3.2 ^'0-31 = 0. 

Proof. Using the EHP sequence and the relation 

H{uj'a3i) = H{uj')a3i = £230-31 = mod (£23 + ^^23)0-31 = 

from and ^J^, we have uj'asi G £;7r;^7. By and [HI (7.20)], we have 
~ 2aji4t/3oa-33 = 0. Hence, [13l I-Theorem 1(b), (8.19)] implies that 
there exist fe, c G {0, 1} satisfing the equation 

a;'cr3i = M)Et"' + c[n2,£i2] 
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and 

E{uj'a3i) = AbE^r'" = 32bET^^ = 0. 
By the EHP sequence, we have 

w'ctsi e PttI^ = {[il2,'-12] 0P23, [112, £12]}- 

By [H Theorem 1(b), (8.19)], the order of [112,112] o p23 = 32t^^ is 32. This 
and (151^ imply 

w'asi 6 {32t^^, (-B(?')'«24}. 
On the other hand, by Lemma |3. 1( 4). we obtain 

(i:j' + 0^127730)0-31 e {0-12, i^i9, £22} oCTsi mod {EX')r]3o<J3i, (EOvaocrsi- 
By [171 Proposition 1.4], we have 

{0'12, 7^19, £22} O 0-31 = -0-12 O {Vig, £22, 0-3o}- 

By the fact that 7r|g = it\q and by Lemma [2.2r 2). we obtain {(T12, z/ig, £22}°o'3i = 
0. By (pUj) . (I3H), [m Proposition 2.20(3)] and we have 

(£'A')?73ocr3i = {E\')(73()rj37 G {0-1269, 0-12 i^^g} o %7 = 

and 

(£'C')%oo-3i = {E(,')a3ori3r = ai2vlgr]3j = mod 20-121^*97737 = 0. 
Hence, we have (w' + 0^27730)0-31 = and the relation p.l3p implies 

w'cTai — a(Ti2CTi9. 

Finally, 32r^^, {E6')k24 and <Ji2&w a-i'e independent in TTg^ 13, 1-Theorem 1(b)]. 
This completes the proof. □ 

By this lemma and its proof, we obtain 

(3.14) w' e {0-12, 7^19, £22} mod {E\')Tj3o,{E^')r]3o. 

By [m Theorem 10.10], ((23T|) . (l2J8l) and (3.6)], we have 1^13 o 7r|f = 
7^i3°{pi6, £i6, [tiejiie]} — 0. By ^Tj Theorem 7.4] and (|2.29p . we have 773400-24 = 
{C130-24} = 0. Hence, we obtain 

^{I'lS, 2o-l6, CT23} = 7^13 O T^ll + T^ll O 0-24 = 0. 

Then, by jl_3, I-Proposition 3.4(8)], we have 

(3.15) {vi3, 2cri6, CT23} = {i^l3, cri6, 2(723} = ^3 + x{\ + 2^3) 

for some odd integer x. 
We show 
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Lemma 3.3 (1) H{uj')= 623. 

(2) A7731 = Euj' = {CTi3,Z^20,£23}n < 13). 

(3) I^13'7t6 + Cis^i- 

Proof. (1) follows from ((3l4l) and (13:8)) . 

By [iTl Theorem 7.4 and 7.6] and (|2.36p . we have 

Ind{cri3, 1^20, £23 }n = '^i3i^"7r35l" + T^ll o £24 = (n < 13). 

By the relations (|3TT0)) . A7731 = Scj' mod ^137731 il5, Proposition 2.20(2)], 
Lemma [221 and (|3.13p . we have 

= Acr3i7738 = A773icr32 = {Eu!')a32 = mod $1377310-31 = [i-is.crfr^] 7^ 0. 
This leads to the first equality of (2). The second of (2) follows from p.l4p . 

i^:m and ^rm . 

By the definitions of alg and rjlg |T71 p. 153], we obtain 
c^ieVas € {(Tie, 2o-23, 0-30} o 7733 C {die, 2o-23, 0-307737} D {o-ie, 20-23, 7730} ° 032 

3 ?7i6032 mod 0-16 ° T^sd + '^31 ° '731O-32. 

Since o-i6?723P24 = cri6A<23a-32 = Pi6'73io-32 = MieQ-j s = by [ni Propsition 12.20] 
and P (2.9)], £1677310-32 = 77i6£i70-32 = by (|2.25p .we have oi607r|| = {0167723}- 
and TTgf o 77310-32 = {[ti6, »?i60i7]}. Hence, we have 

0-^6 ^8 = 77l6 0^32 mod 0-167723, [tl6, 7/16^17] . 

Since a* = and 77*0 = ctt;* in the stable range, we get that 

'7l6032 = 0167723 + 0-ig7;38 + a[ti6 , 7716^17] 

for a e {0, 1}. By (|3J5)) . ((XTOl) and ((XT3)) . we see that 

Vl3r]le(T32 7^13(0-157723 + 0-167738 + O^IG, 7/I6O17]) = Vl3(^lQmd. 

e J/13 O {0-16, 2o-23, 0-30} o 7738 = {7/13, O16, 2CT23} O 7731CT32 
= C137731 0-32 + Ao-31 7^38 = [(,13,0-^3]. 

Thus, by the relation 7^137716 = Elo' mod $137^31 [151 Proposition 2.20(8)], we 
have the equation (3) and completes the proof. □ 

Here, we need the following property of the generalized P-homomorphism 

[Hie]. 

Lemma 3.4 Let fc > 3 and X , Y, Z and W be CW-complexes and a G 
[E^Y,EX ^X], f3 e [Z,Y] and 7 G [W, Z] . Suppose that the generalized 
P-homomorphisms P : [E^A,EX A X] ^ [E''-'^A,X] for A ^ Y, EW and 
Y\JpCZ are well-defined and aoE^ (i — and f3oj — 0. Then the Toda bracket 
{P{a), E''~'^I3, E''~'^j}k-2 is well-defined and 

P{a,E''/3,E''^}k C {P{a),E''~^f3,E''~^-f}k^2- 
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Proof. By Proposition 2.5 of [B], we have P(a) o E''-'^[3 = P{a o E''/3) = 0. 
Hence {pla), E''-^ /3, E''-^j}k-2 is well-defined. We denote Y U/j CZ by Cp 
and the inclusion map F ^ C^g by i^. It is well-known that C^;*^ = E^Cp. By 
Proposition 1.7 of Tf , any element of {a, -E'°/3, E^^^k is represented as (— 1)'^q:o 
E^^, where a G [E*^Cp,EX AX] is an extension of a and 7 G [EW.E^Cp] is 
a coextension of 7. By Proposition 2.5 of [B], we have P{{—l)^a o S'^t') = 
(-l)'=P(a) o E^^-^T-. Since P(a) o S'^-^i^ = P(a o E'^ip) = P(q!), the element 
P(a) £ [S'^~^C^,X] is an extension of P(a). Hence we obtain 

P((-l)'=a o £^7) = (-l)'=-2p(a) o S'^-^t' e {P(a), S'^-^^, S^-^7}fc-2 

and 

□ 

Now we show Lemma 11.21 
Lemma 3.5 (1) i7(PCi3) = C' mod 2A', 2^' and iJ(PA) = A' mod 2A', 2^'. 
(2) i/(P(a3?73i)) = CV29 and H{P{\r]3i)) = A'7,29. 

Proof. (2) is a direct consequence of (1). By the definition of ^12 and the fact 
that (712 ° Ett2q — (J12 o E'^'^28j know 

C12 G {0'12, i^l9, 0'22}l = {0'12, i^l9, 0'22}2- 

By Lemmas 0;i), inn [T71 Proposition 2.3] and i/Paia = (i?[t6, teDo-n = 
2(711, we see that 

P63 e P{cri3, i^20,O-23}3 C {Pf7l3,i^l8,0-2l}l 

and 

i/Pei3 e {2aii,!yi8,a2i}i =e' mod 2A',2^'. 

This leads to the first half of (1). 

By the fact that ai2 o nlf — 2(7ii o vTgQ — 0, we have 

{cti2,^19,£22} = {CTl2,J^19,e22}« (0 < n < 12) 

and 

{2aii, i/18, £21} = {2a-ii, 1^18, £21}™ (0 < n < 11). 
So, by Lemmas 13.3( 2) and l3.4[ we obtain 

P{E(jj') = P{cti3, i^20,£23}3 C {P(cri3), i^l8,£2l}l 

and 

HP{Euj') e i^{P(CTi3),J^18,£2l}l C {2(711, 1/18, £21)1 = A'?729. 
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By (3.3)], we see that 

H{PX) = ±\' mod 2A',2C',?7ii/ii2. 
Hence, Lemma [3.31 implies 

HP{Xmi) = A'7729. 

This and (1) lead to the second half of (1) and completes the proof. □ 

4 Proof of Theorem II. IL I 

We recall from [13l Ill-Proposition 2.6(5)] the relation 

V7UI15 = mod 1^7(710^17, C7 

and 

(4.1) Dgujir = 0. 

We show 

Lemma 4.1 (1) {7710, i^u, ctm} = 2[iio, 1^10] . 

(2) {77„,Zy„+l,CT„+8} = (n > 11). 

Proof. First we show (2). From relations rjnCn+i = (n > 5) (|2.13p and 7711 o 
[ii2, '-12] = [tiij ?7ii] = [51 Theorem], it suffices to show that {rjn, 1^12, uis} = 0. 
Since 7?ii07r^|+7r^6°^i6 = {'7iiCi2, ?7ii°['-i2, '-12]} = 0, we have Ind{7?ii, 1^12, CT15} = 
0. From the fact that {7710, ^^ii, o'i4} C7r22 = {[tio, ^lo]}, we have {rjn, vu, (T15} 3 
-^{7710,2^11,0-14} = mod 0. 

Next we show (1). Let HP^ be the quaternionic projective plane and in : 
S*^ ^ HP^ the inclusion. By the definition of the Toda bracket, there exist 
an extension 779 e [E^'H.P'^,S^] of 7/9 and a coextension ai4 G 7r22(^^^HP^) of 
(Ti4 such that {7710, 1^11, (714} = i?77g o (T14. By the Blakers-Massey theorem, we 
have ^22(^^^2,5") ^ ^22(^'') and 7r23(£;"Hp2, 5") ^ 7133(51^). So, by 
the homotopy exact sequence of a pair (P^HP^, S^^), we obtain 

7r22(P'Hp2) = {7l4,^Cll} (« = E'tu ■ ^" P^HP^). 
We consider the EHP sequence 

7r22(P^Hp2)^7r22(P(P*'Hp2 A P^HP^)) A7r2o(P^Hp2). 

We have 7r2i(p6Hp2, ^i'') ^ tt2i{S^'^) and (97r2i(P^Hp2, S'l^) = {i^ioais}. So 
we obtain (P^iH)[no, ?7io] = 0. We have 7r22(P(P^Hp2 A P^^HP^)) ^ ^22(8'^^) 
andP(7r22(P(P^Hp2AP6Hp2)) = {(P<'iH)[no, ?7io]} = (ITTOl) . Hence we get 
that 

P(ai4) =P(P^^HAPV)?72l• 
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Thus we see that 

This leads to (1) and completes the proof. □ 
We need relations 

Lemma 4.2 {(^13, cie, £23)2 = and {z^„, cr„+3, e„+io} = /or n > 15. 

Proof. By using tt^^ = {^14, 0-14^21}, 7^^+16 = {wfc, crfeA^fc+y} for k > 18, 
7r^_l_^^ = {Q} for i > 13, (E^, (lOi)) and ((2^ . we have 

Ind{i/i3, (T16, £23)2 = 1^13 o -E^TTgo + nil o £24 = 

and 

Indjl'ri, 0-„+3, £n+lo} = l^n O TT^'J^g + <Vll ° = 

for n > 15. By Corollary (531 we have 

= i^^{j^ii,cri4,£2i} C {t^i3,cri6,£23}2 niod 0. 
This leads to the first half. Moreover, we have 

= £;"-"{i^i3,ai6,£23}2 C £;""''{J^15,CT18,£25} 

C (-l)""^^{i/„,CT„+3,£n+io} mod 0. 
This leads to the second half and completes the proof. □ 

We show 

Lemma 4.3 {i^n, trig, £25} 3 mod criii^i8K2i = [in, ^n] and 

£^{i^ll,0-ig,e26} = {i^l2,cr20,£27} = 0. 

Proof. By [T71 Theorem 12.16], we have 

Ind{Pii, (Tig, £26} = o TTgf + 7r27 o £27 = Vn o {wig, Cri9Ai26} + Wll^J■18} O £27- 

By (12. up . (|4TT|) and the fact that tTii/xi8£27 = criieisfi2e = from (|2.24|) . the 
indeterminacy is trivial. Similarly, we obtain 

Ind{i?i2,o-20,£27} = 0. 

Therefore, the second assertion follows directly from the first assertion. 

By the relation {vm Vn+3i i^n+i} — i^n for n > 7 [171 Lemma 6.2], we have 

{i^ll,0-ig,£26} = {{J^ll,?7l4,i^l5},0-19,£26}- 

By the Jacobi identity of Toda brackets and Lemmas 14.11 and 14. 2[ we have 

{{j^ll, ?7l4, i^is}, 0-19, £26} = Wll, {Vl4, 1^15, CTls}, £26} + Wll,Vl4, {^^15, ^18, £25}} 

3 mod i^ii o TTgg + nlj o £27 = j/n o TTgg. 
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By [SI Theorem A], 1^117714 — and v\\a\/^ = 0, we have i^ii07r|| = {£{1/10X1/31)}. 
Moreover, by the relations (|2.1ip and <\3.2\i . we have £{1/10X1^31) — crni'iai^n = 
Thus, we have the first assertion. This completes the proof. □ 

Here we recall the definitions of (Ja, o-g and (Xg ,9, p. 13, 15]: 

^3 e {£3, £11 + i^ll,cri9}i, 

CTg G {l'6,£l4 + i^l4,cr22}l, 
CTg G {j^6,?797^io}3- 

The indeterminacy of {£3, £11+1^11, crigji is e^oE-K^^^-K^Qoa^o- Since £31711 = 
(|2.14p . we have £3 o E-k^ — 0. From the fact that Trfg = {£', M3, ?73Ai40'i3}, 
£'1720 = [131 I-Proposition 3.1(5)] and 

(4.2) ii^ol^ = [9,, (2.9)], 
we obtain tt^q o 0-20 = {M30'2o}- Hence, we have 

Ind{£3, £11 + i^ii, o-igji = {Ai30-2o}- 

The indeterminacy of {C'6>£i4 + ^i4j C22}i is o Et{^ + -k^-^ o 0-23- By the 
fact that TT^I = {cri3/i2o} [III Theorem 12.16] and ([^TTil) . we have i>go£;7r^| = 0. 
By the fact that 7723 = {P{E6), VQKg.jxQ, TyeMTCie} [13 Theorem 12.7], p.6p and 
(|4.2p . we obtain 7r23 o 0-23 = {^(Ci3%i)}- Hence, we have 

Ind{z>6, £14 + i^i4, o-22}i = {-P(Cl3?73l)}- 

The indeterminacy of {vq, 779, (Tio}3 is J^g ° + ""ii ° ^n- Since [tg, te] ° 

CTii = [H (5.7)], we have nf-^ o cth = 0. From the fact that E^n^^ = 
{cgCie, '79/^10 } J we obtain o iJ'^Trfy = 0. Hence, we have 

Ind{z^6,779,CTio}3 = 0. 
Since £« + i^n = (Jnrjn+j for n > 10 (|2.8p . and (|2.14p . we have 

{£3, 0^11, ?7i8 (719 }i C {£3, £11 + t^ll, (7l9}l 

and 

{i^6,0-14,7?21f722}l C {vQ,eu + j>l4,cr22}l- 

We change the definitions of and (7g as follows: 

(4.3) G {£3,0-11, ?7l80'l9}l, 

(4.4) Sg G {p6,crl4,^72lCT22}l• 
By relations [T3', I-Proposition 3.1.(2)] and (j2.8p . we have 

C'£22 = ('^^22 = and so, CV22Cr23 = 0. 
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By using [T71 Theorem 12.6 and 12.16], SscrnHis = (|2.14p . /i3(Ti2'7i9O'20 = 
M3 ??i20"i 3 = (|2.23p . ?73£4??i9a'2o = ??3£4 ^^i2cr20 = (|2.19|) and (|2.14p . j>6tTi4J^2i = 

0J2.14p . M60-15?722 0'23 = M6'7l5a'?6 = (|2.23P and ?76e7'7220-23 = ?y6£70-22??29 = 

(|2.14p . we have 

Ind{£3,crii,??i8Cri9}i = £3 07737 +^^19 ° '7190-20 = 

and 

Ind{i?6,Cri4,7y2lCT22}l = 0-^7721 +77^2 ° '7220-23 = {i'60-14A'21 , 61^722 0-23 } = 0. 

It is easy to check that this changing gives no influences to the computations in 
By [ni Proposition 2.6] and (12.101) . we have 

if{l^ll,0-14,772lCr22}l = --P"^(i^lOO-13) O ^722 0-23 ='72lO-23- 

Hence, by the relations [HI (3.8)] and H{£^') = 77210-22 [13 Lemma 12.19], we 
take 

{:/ll,Cri4,772lO-22}l 9 ^'^729 mod £^7729 = {d-ii,Cii}. 

Since {v^a^-qa) = (t by 13, I-Propsition 3.3 (4)] and 17, (3.9).i)], we have 
(4.5) H{a'^) ^ ail 1^29. 

We set 

K,=E--H'^ (n>3), 5' = E^5'^ 

and 

— // TTin — 6-// / \ r'N — '/ 77100— // 

<^n = E (Tg (n > 6), o- o-g- 

Now we show 

Lemma 4.4 0-12 = {;^i2, 0-20, 1^27} = {^^12, ^s, ^le} = o-i2- 

Proof. Notice that the indeterminacies of the brackets 

Ind{Pii, 0-19, i^26} = Ind{Pii, (719, 77260-27} = 0, 

respectively, because vn o 7735 — {Pnwig, P110-19/Z26} = by ()4.ip and (j2.14p . 
7727 o£27 = {o-iiAii8i^27} = by (|2.20p and 77^^ 077270-28 = {miio-20'?27O-28} = 
by (I12S1)- So, by (g^. Lemma US] and gH), we obtain 

{i^ii, 0-19, j>26} = {i^ii, 0-19, £26} + {i^ii , 0-19 , 7726027} = a[iii , Kn] +0-11 

for a = or a = 1. Hence, we obtain 

CT12 e S{j>ii, a-19, ^26} C {j>i2, 0-20, ^27} mod i>i2 o 773^ + 772I o 1)2% = 0. 
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By the Jacobi identity of Toda brackets, [T71 Lemma 6.2], Lemma [4.11 (2) 
and [13l I-Proposition 3.4(3)], we obtain 

^12 = {^12, O-20, ^27} = {{Vl2, ?7l5, i^ie}, O-20, 1^27} 

= {'^12,{»7l5,i^l6,cri9},l^27} + {l'l2,?7l5, {i^iejCrig, i^26}} 

= {vi2,Vib,^w} mod i^i2 7r3|. 

Since Tfis = {77i5Ki6,cr35,(i;2A)i/33} = {^2? Theorem A], (I^TTUl) and (02]), 
we have :^i2 ° 7r|g = {!^i2(^'^A)j^33} = 0. This imphes 

{i^i2,?7i5,o-i6} = a'l^- 

and completes the proof. □ 
We show 

Lemma 4.5 ^3 = 5^ mod /23O-20, = mod P(^i3)?729 and CTg = CTg + 

P{£.l3.)m9 mod I/gCrgKig. 

Proof. By the fact that ttIq = {a^s, ?73Ai4'''i3; M3'''i2 = 63 and e'cr2o — 
[T^ I-Proposition 3.1(5)], we get the first half. 
We observe 

o-g e {j>6,o'i4,?72io-22}i C {j>6,ei4 + i^i4,o'22}i mod D(iO E^Tll + ^T%oa2s.■ 
We know Trfg = {P(_E0), vqkq, fLe,ri6fJ-7(Ti6}, VQK<ja2z = p.3p and P{E9)a23 = 
P{^i3V3i) P-6p . This leads to the second. 

By the relations H(CTg) cth f^', (3.8)], and Lemma 1X512) . we have 

iJ(a^') = HiB', + P{Ci3)V29) 

and 

^6 =^6 + P{S.13)V29 mod E^TT^g = {(56,/i60-23,I^6«^9Kl6}. 

Hence, by the fact that = 5-5.2 (Lemma l4.4p . we obtain the second half. This 
completes the proof. □ 

5 Proof of Theorem II. IL II: Some relations in 
homotopy groups of the rotation group 

Let SO{n) be the n-th rotation group, ik.n ■ SO{k) ^ SO{n) {k < n) the inclu- 
sion, in = in,n+i and Pn ■ SO{n) SO{n) / SO{n — 1) = S"""^ the projection. 
Let A : Trk{S") Trk^i{SO{n)) be the connecting map associated with the 
bundle Pn+i '■ SO{n + 1) -> 5". Suppose that there exist elements a G nk{S^) 
and /? € Trk{SO{n + 1)) satisfying the relation 

Pn+i^l3 = a. 
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Then, /3 is called a lift of a and is written [a]. For a lift [a] S Trk{SO{m)), we 
write [a]„ = im.n^H e 7i'fe(50(n)) for m < n. 

Let J : Trk{SO{n)) — > 7r/j+„(S'") be the J-homomorphism. Denote by the 
2-primary component of TTkiSO{n)). We use the exact sequence induced from 
the fibration p„: 

\T<'k) ""T^k+i — ^Rk — ^R-k — ^^k — ^ • • • ■ 

As it is well-known 19, p. 233-4], 

J(Aa) =±[6„,a] (ae7rfe(5")). 

We also know 

(5.1) J(H/3) = J[a]oE^P {a G 7rfc(5"),/3 e tt^^'^)). 

Although the following is well-known, we show 

Lemma 5.1 Assume that elements a £ TTh{SO{n)), (3 G tti{S^) and 7 G 
TTk-i{S'') satisfy the conditions a/3 — and /3j — 0. Then the Toda bracket 
{Ja, E" P, E^^}n is well-defined and 

J{a,/3,7} C (-l)"{Ja, i?"7}n. 

Proof. We recall ^Tj (11-2)] that the J-homomorphism is defined by the com- 
position 

J = G„, o : 7TkiS0{n)) ^ 7rfe+„(£;"50(n)) ^ 

Here Gn : E"SO{n) S*" is the Hopf construction obtained from the action of 
SO{n) as the rotations of S'"-^ Since Ja o E"I3 = Gn* o E'^a o E"l3 = 0, the 
Toda bracket {Ja,E"P,E"j}n is well-defined. By [17l Propositions 1.2-3], we 
have 

J{a,/3,7} = G„,o £;"{«, /3, 7} 

C G„,o(-l)"{£;"a,i?"^,£;"7}„ 
C (-l)"{G„,o£;"a,i;"/3,£;"7}„ 
= {-l)"{Ja,E^l3,E"jU. 

□ 

By (|5.ip . we have 

(5.2) J{lm,n,l) = (-l)"-"i?"-™J7 (7 e 7rfc(50(TO)). 

Since Aiy e TTg (5*0(7)) = [3 Table, p. 162], there exists a lift [17] e i?f of 
i7. By m (4.1)], we have 

(5.3) AcTg = [t7]9(l^7 + £7)- 

By (|2.14p . we obtain A(ct|) — [l7]q{Di + ej)ai5 — and so, there exists a hft 
[a|]Gi?i« ofai. 
We show 
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Lemma 5.2 {p„+i, «„+i, At„} 9 i„ mod 2t„. 

Proof. Let P" be the real n dimensional projective space, 7„ : S" — P" the 
projection. Let j„ : P"~i — > SO{n) be the canonical inclusion. Wc know 

Ai„ = jnln-l, in ° jn = jn+1 ° i'ni Pn ° jn = p'n^l, 

where i'^ : P"^i — > P" is the inclusion and : P" — > 5" the collapsing map. 
We have 

{Pn+l,in+l, ^t-n} = {Pn+1, ^n+l, jnjn^l} 

C {Pn+l,in oin,7„-l} 
= O iJi,7n-l} 

^ {Pri+1 O jn+l,4i7n-l} 

= {P^>4>7n-l} 

9 Ln mod p„+i o ^„(^0(n + 1)) + [SP"-\ 5"] o E-fn^i. 

Since p„+i,^„(50(n + 1)) = {1 + (-l)"-it„} and [^P"-i, 5"] o ^7n-i = 
{£;(p;,_i o 7„_i)} = {1 + (-l)"t„}, we obtain 

Pn+i o 7r„(50(n + 1)) + [SP"-i, 5"] o £;7„_i = {2i„}. 

This completes the proof. □ 

Let us recall the element -010 G ttI° [9l (4.27)]. We show 
Lemma 5.3 J[lj] = as and J[(Tq] ~ tpio- 

Proof. The first is just H (2.2)]. Since [t7]io(i^7 + £7) = iio o Aag = ([Q]) . 
we can define the Toda bracket 

{Nl0,i^7 + e7,cri5} C i?23- 

By Lemma [521 and (|5.3p . wc have 

Pl0o{['-7]l0,t^7 + £7,cri5} = -{PlO, ['-7]l0,i^7 + £7}o'7l6 3 -{pio, ilO, Aig OCTg} OCTie 

D -{pio, «io, Atg} o cTg 9 o-g mod Pio*-R}6 ° f^ie = {2o-g}. 
Hence, we can take 

[cr|] e {[t7]l0,l'7 + e7,cri5}- 

By (|5.2p . we have 

J[f79] G J{[t7]l0,j^7 + £7,O-15} 

C {JNl0,j^l7 + £l7,O-25}l0 
C {(Tio, j^l7 + £17, 0'25}4- 

Therefore, by the definition of -010, we have the second. This completes the 
proof. □ 
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By use of the result in [3 Table, p. 161] and (7^^"+7), we obtain 

Aj^8«+5 ^0{n>l). 

In particular, we show 

Lemma 5.4 Ai/21 = [o-g]2i and [t2i,i'2i] = V'2i- 

Proof. Since JA^2i = -['-2i,J^2i] and J[cr^]2i = J(iio.2i J^g]) = -£;"J[cr^] = 
—■021, the second leads to the first. By [71 Table, p. 161] and we have 

i?23 = Z © Z2, i?23 = Z. 
By [HI (4.37)] and Lemma [5.31 we observe that 

^[^9)21 = V'21 ^ 0. 

Hence, the direct summand Z2 in R2I is generated by [o'|]2i. We consider the 
exact sequence (T^-^g): 

7r21 ^ r?21 ^ n22 P22, 21 
7^24 ^-",23 ^-",23 ^Tl23 ■ 

Since [t2i,?72i] = ^'^21 7^ |8i Lemma 8.3], P22* is trivial and ^21* is a split 
epimorphism. Hence, we obtain the relation. □ 

The second result in Lemma [5T4l is an excluded case in |16( Theorem 3.6(9)]. 
This theorem ensures the following. 

Conjecture 5.5 There exists a lift [o'igj,_7] G of crig^-.y such that 

A(j^l6fe+5) = [f^l6fc-7]ll /"^^ k>2. 

We show 
Lemma 5.6 (1) j^Ictii — Tj^a'^. 

(2) 2((Tgi^J'g) = 1^^5-15 mod 4(Tg^ig, 4(^120-30) = J^?2^i8 a^«^ 

l'?7^23 = 4(Cl7Cr35) = [ilT, '717^^19] 7^ 0- 

Proof. We recall from [13, Il-Proposition 2.1(7)] the relation 

?75CTg = J/fo-ii mod ry5M60-23- 

In the stable range, v^a = 7j o (i/, ry, tr) = rytr' and rjfia ^ 0. This leads to (1). 
We recall from [13l p. 70 and I-Proposition 5.1(1)] the relations 

20"' = j/^CTia mod 2£;20", 

2£;20" = 2(cr'Ci4) mod 2(cr'(£;A + 2^14)) 

and 

2i;40" = 4(a9Cig) mod 4(^9(^3 A)) + %{a<,ix^. 
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We know 8(cr9fi6) = and agiE^X) = 2{agi'^e) [H I-Proposition 3.1(8)], 
2(cr9z/*g) = 2E^(j)"' and iiagi^le) = [H I-Proposition 5.1(2);(3)]. This leads 
to the first of (2). 

By using [T71 Corollary 12.25] and [T31 TTheorem 1(a), Propositions 3.5(3), 
6.3(8);(11)], we have 

2(Ci20-3o) = ['-12, 0-12] = cri2(Ci9 + '^ig) and [iiy, 77^7(119] = 4(^17(735). 

This leads to the rest of (2) and completes the proof. □ 

Denote by M" S*""! U2t„_i e" be Za-Moore space and by i„ : S'""^ A//" 
the inclusion map. Let fjn e [M"+2,5'"], £ 7r„+2(M"+i) (n > 3) be an 
extensionandacoextensionofryn, respectively. Notice that ry„ e 7r„+2(-^^"^^) — 
Z4 is a generator. We note that 2i/„ = ±7y„?7„+i for n > 5. We show 

Lemma 5.7 (5 = 7/?/*ct mod fia and 6' — riri*a. 

Proof. By [H I-Propositions 3.4(7), 3.5(9)], we have 

»78Cr9?7ig = Ss mod /i8CT25, 

We know 7/9(7^0/^24 = (|2.23p . This leads to the relation 
(5.4) ?790'io?7i7 = mod p.ga26 

and the first half. 

By the relations ija = D + e and euj = r]r]*a [9l (6.3)], we have 

{e,a,r](T) C {e,<T,D) + {e,a,e). 

By [3 (6.1)], we have 

(e,cr, i^) = 
We recall the relation [SJ Lemma 4.1]: 

(7777, 77, i^) = e. 

By the Jacobi identity, we have 

(£,cr,e) = ((7777,77, t/),CT,£) 

= (777?, (77,1^, CT),e) + (77^,77, (j/, a, e)) mod {ew} + r;?? o 7r23(M2). 

We know {fi,v,a) C 7rf4(Af^) = and (i/, ct, e) = (Lemma [2. 2p . This implies 

(e, cr, e)3 mod {ew} + 7;^ o 7r23(M^). 

Let cr^ £ 7rfg(M^) be a coextension of . Then, by the definition of rj* [T71 p. 
153] and [HI (3.9). i)], we have 

fjcr'^ £ {rj, 2l, a^) 9 77* mod 77P = /icr. 
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By easy calculations making use of the cofibration M'^ S*^, we obtain 

7r23(M^) = {ryK, a'^a, iva} = Z4 © (Z2)^ and 2fiR = irfh [i = E°°i2). 
By the relations 2v — ztfjfj, rja^ — and fjiv ^ rju ^ 0, we have 
rjfj o 7r23(M^) — rj o {2i>k, ri*a} = {rpfa}. 

This implies 

S' = mod rjrj*a. 

Hence, the second half follows from the first half and Lemma l475l This completes 
the proof. □ 

Now we show 

Theorem 5.8 (5g = 779crio?7i7 and o-"g + 5'iq = [Lig,iyfg]. 

Proof. By the similar proof to [T3, Il-Proposition 2.1(10)], we obtain 

'/gV^lO = O-g+S'g mod /i9<T26, cr9?723A'24- 

Since ?72o'02i = ['?20i '720i^2i] = by Lemma [5^ we obtain 

(5.5) CT20 = (520 mod fl2Q(J37- 

By the fact that tt^^ ^ 7r|4 and Lemma [5.71 we have 

(5.6) ??20f?2lC'37 = f?20CT21?728 ^nd ^20 = 7720?72lC^37- 

From (|5.5p and (|5.6p . we have = CTjo + ?720'72if37 + afl20<^37 for a = or a = 1, 
and a" = rjrj*a + ajxcr. By Lemma I5.6r 2). we have v'^a = 0. Hence, by [T71 
Lemma 5.12 and 14.1.i)] and Lemma we have 

= v^a = {rj, u^rj) o a — rj o (jy, rj, a) = ri{rirj* a + a/icr) = Av* a + arjjia = arjp,a. 

This induces a = and the second relation. 

The third one follows from [21 (5.38-40)] and Lemma [4.51 
By Lemma 14.51 and (|5.4p , we have 

(5g = 779Crio??i7 mod ^igCTie- 

So, in the stable range, we have 

5' = 7/(777* mod fLu. 
This and Lemma 15.71 lead to the first and completes the proof. □ 

Since eg o E'^ir^g = {e90'i7/i24} = and 

7r25 '725Cr26 = {cr9t^?6'^9Ml6,Cr977i5ei6,/i9(Tl8}o??25Cr26 = 0, 
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we obtain Indjeg, cri7, 7724(725 }4 — 0. Lemmas 14.41 [?771 and Theorem 15.81 imply 
Theorem O 

By [TJ Proposition], [TTl Example 2.3(3)] and Lemma 

(721W28 - '^2lCT37 = [i21, i^2l] — '72l0'22 = '/'21- 

We recall from JT, p. 153] that the definition of rj*' G 7r|f is 
(5.7) 77*' e {(Ti5, 40-22, ?y29}i- 

We show 

Lemma 5.9 -E77*' o (T32 = [iie, 'yieo'i?] a?irf ??i60-i7 = 0-16^^23 + '^160-32 + 

['-16,?7l60-l7]- 

Proof. By ^1^, 2crjg = 0, 7r|f = {pi6,ei6, ^lejtie]}, and pi6??3i = 0-16^23 [13 
Proposition 12.20.i)], we obtain 

Et]*' £ {(Tie, 4(723, ?73o} ^ {0, 2t3o, ?73o} -^It ° V3i = {^^16^23, [ti6, me]}- 
Since cri6/i23f32 = cr^g/i3o = from 9, (2.3)], we have 

i?77*' 00-32 e {[tl6,??160-l7]}. 

This and the relation [iig, jyie] = mod E'^-k\q [TTI p. 160] lead to the first 

half. 

By the relation r^isojfg = 'q*'aj,i +oi5W22 + wi50'3i [131 Ill-Proposition 2.5(5)] 
and the first half leads to the second half and the proof is complete. □ 

Finally we show 

Proposition 5.10 77i6i^32 = ^{^^1^ mod [ii6,i^i6] anrf vlgvl^ = flw^^iz = 

^19^^35 = [ilQ, f^ig]- 

Proof. The last equality is just [9; (5.34)]. 
We have 77151^32 = 0, because we see that 

7716^^32 e {cTie, 2023, »73o} o J^32 = "Cie o {2023, »730, i^3l} 

D o {2(.3o, 7730, i^3i} = mod oie o TTgf o j/32 = 0. 
By using [T71 Lemma 6.2], TTg^ = {7716^17, ojg, (i?^A)7^34, vIqVm} iSi Theorem A], 

?7i6Ki7J^37 = Ki67736J^37 = 0, O3o7^37 = and {E^\)vm = ['•16, J^^e] [SI (7-10)], we 
obtain 

'716^32 G '7l6 ° {^^32, ^735, 1^36} = {?7l6' ^^32, ?735} » ^^37 C TTgf O 1/37 

= {'716^171^37, Cr5*6i^37, [E^ \)vl^, '^w'^Si] = { ['16 , I'fe] ' ^16*^34 }• 

By [17, Lemma 12.14] and (HH), we have H{rilQD32) = t^ii = Hivl^vl^). Hence, 
by the EHP-sequence, we have the first assertion and 77i9i'35 = i'r97^37- By (|2.16p 
and (|2.17|) . we have 

['19, J^ig] = '^r9'^37 + o-^g. 
Therefore we obtain [iig, vl^] = vlgv'^'j. This leads to the second assertion and 
completes the proof. □ 



23 



6 Proof of Theorem 11.31 

We recall the element [8^ p. 187] 

(6.1) cr^e £ {f^lS; 2(723, O-30}l- 

We also recall 13j Il-Proposition 2.1(4)]: 

(6.2) 4tTi4P21 = 2(Ti5P22 = 0-17P24 = 0. 

We recall from 15", I-Proposition 3.4(6)] the relation 

{?7l5,2cri6,(T23} 3 t^l5 + ?7*' mod ?7i5 o TTg^ + TTjI o (724. 

Since 7r|f = {pi6,ei6, [^lejiie]} till Theorem 10.10], 7715P16 = ^150-24 = '^i5/f22 
[Tfl Proposition 12.20.i)], rjisew = i/isCTisi^lg = ([HI Lemma 12.10], ^JQ) 
and 7715 o [ii6,ti6] = [iis.yy^s] = [l Theorem], we have 7715 o nlf = {cri5M22}- 
Since 7r^| = {j/j^g, /^is, T^isEie} [HI Theorem 7.2], (piU)) and pTi)) . we have 
"■24 ° f''24 = {cti5M22}- Hence, we obtain 

(6.3) {?7l5,2cri6,cr23} 3 Wi5 + 77*' mod Cri5/Lt22. 

We show 
Lemma 6.1 D^rj*' = 0. 

Proof. Since E : ttJ^ — )■ Trfj is a monomorphism |9l Theorem 1.1(a)], it suffices 
to show usiEi]*') = 0. By ([STT]) and (pil)) . we have 

DsiEl]*') e I>8 ° -{o-16, 4(723, ?73o} = {j^8, 0-16, 4(723} o '731- 

We observe 

{i?8, (716, 4(723} C {/>8, 2(716, 2(723} 3 {0,(716,2(723} 3 mod j/8 7r3i +71240 2(724- 

By relations p8Pi6 — [13, 1-Proposition 3.1(4)], ei6 — 7716K17 (|2.18p . i>8'?i6 = t'l 
(|2!6l) . J^iiKiT = 4kii [ini Theorem 15.4] and o [ii6, ti6] = [ts, t8] o i^ig = [T5l 
Proposition 2.8(2)], we have Ds ° '^31 = {4i'8'«ii}- Since 27rf4 = 0, we have 
7rf4 2(724 = 0. Hence, we obtain Ds{Er]*') C {4i'8Kii}o'?3i = 0. This completes 
the proof. □ 

Next, we show 

Lemma 6.2 vqlui^ = P{X + (^i^) o rj2Q mod lyeagKiQ^AQ. 

Proof. Apply Corollary 5.10] to the case a = Dq, f3 = UJ14, n ~ 5, p = 
13, i = 29. Then, we have 

H{Dquji4) = 1^11^14 + ^'^1^27 mod G, 
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where 

6 

fe=3 

We know 1^192/27 = ([2J2)) and KeT{E : 7r^§ tt^i^} = 0. We also have 
/a e Trjg = and ttIq"''^ = for fc = 5, 6. Hence, we obtain 

H{D(iUJii) = viiuii mod /4*7r|o. 

Since ti\\ o 7r|o = {4Cii}, we get that 

H{PeUJi4) = viii^ii mod 4Cii. 

By relations Lemma 1331 and H{C,'q) = Cii mod 2Cii (3.8)], we have 

iJ(p6Wl4) = i^lll^M = A'7729 + C''729 

= H{P{\f^3i)) + i^(-P(63'?3i)) mod 

Therefore, we see that 

Pgwu = Pi^mi) + P{ii3V3i) + 4aC6 mod Ett^q 

for a = or a = 1. By (|2.9p and 2^19 = 0, we have i'9cri2Ki9 = {E^(t')viqKiq = 
2agVieKig = 0. We know E'vrfg = {(^e, /i60-23, ^^eCgKie} ^ (22)^, -E^^Trlg = 
{^11, MiiO'28} — (^2)^, i^iiwi9 = (|4.1[) . Hence, we conclude that 

z>6Wi4 = ^'(A?73i) + -P(Ci3'73i) = -P(A + ^i3)?729 mod veagKie.ACg. 
This completes the proof. □ 

By (I2H), dun]), (1131) and Lemma EH we have 

vjUJi5 e o {?7i5, 2cri6, 0-23} C {vj, 2aie, 0-23} 

D 7^7° {t^?0' 20-16, 0-23} mod lyi^ o nlf + nl^ o a24:- 

By relations (|2.3ip . (|2.18l) and [i 13, 1^13] =0, we have 

o TTgi = 1^13 o {pi6, £16, [ti6, iie]} = and ly^ o ttH = 0. 

We recall = {o''77i4Mi5> ^7'^io, M7, '77Ai80'i7}. By relations (|2.8p . p6Mi4 = 
([2:201) and cr'ei4Ai22 = C7 (5-10)], we obtain 

0-'?7l4Ml50-24 = 0-'77i4(Ti5/l22 = Cf' {I'U + ^14)^22 = C?-- 

Hence, by relations i'7Kiof24 = (|3.3p and rji^s'^ir — (|4.2p . we have 7r240(T24 = 
{(7; A7tT24} and 

P7W15 e 1^7 o {i^?0' 20-16, 0-23} mod C7: M70-24- 
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By relations ([51^ . ([511) . (PT7| . 2ki7 = 0, 2cr^7 = and ([33]), for some odd 
integer a:, we obtain 

{ly^Q, 2a-i6, (T23} 3 J^io o {1^13, 2cri6, 0-23} = I'loCia + xviqX + 2x1/10^3 
= o-jo + CTioKi? mod z^io o nH + tt]" o cr24 = {ct^q}- 

By the relations (|2.9p . 2(t^7 and (|2.10p . we have i^tCTio = (y'vuafj — 0. 
Hence, we obtain 

= uraiQKn mod C7:M7CT24- 

The first 3 elements become trivial and the last survives in the stable range. 
This induces the relation 

i>7Wi5 EE 1/70-10 Ki7 mod Cr 

On the other hand, by Lemma 16.21 we have 

vjLUi^ = mod i/70-ioKi7. 

Hence we obtain the equation 1^7^15 = v/awnn. This completes the proof of 
Theorem 11.31 
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